Abstract. In this paper, we provide some extensions of earlier results about hypercyclicity of some operators on the Fréchet space of entire functions of several complex variables. Specifically, we generalize in several directions a theorem about hypercyclicity of certain infinite order linear differential operators with constant coefficients and study the corresponding property for certain kinds of "antidifferential" operators which are introduced in the paper. In addition, the existence of hypercyclic functions for certain sequences of differential operators with additional properties, for instance, boundedness or with some nonvanishing derivatives, is established.
INTRODUCTION AND NOTATION
In this paper we denote by N the set of positive integers, by C the field of complex numbers and by N 0 the set N 0 = N ∪ {0}. Let X, Y be two topological spaces, T n : X → Y (n ∈ N) a sequence of continuous mappings and x ∈ X.
Then x is said to be hypercyclic (or universal) for {T n } if its orbit {T n x : n ∈ N} under {T n } is dense in Y . The sequence {T n } is hypercyclic whenever it has a hypercyclic element. It is clear that, in order that {T n } can be hypercyclic, Y must be separable. If T : X → X is a continuous selfmapping, then an element x ∈ X is said to be hypercyclic for T if and only if it is hypercyclic for the sequence {T n },
. • T (n times). T is hypercyclic when there is a hypercyclic element for T . A subset A ⊂ X is invariant under T when T A ⊂ A. It is evident
that x is hypercyclic for T if and only if there is no proper, closed, invariant subset in X containing x. So, hypercyclicity is connected with the problem of the invariant subspace. If X is a linear topological space, we say that T is an operator on X whenever T is a continuous linear transformation taking X into itself.
We now furnish a sufficient condition for a sequence {T n } to be hypercyclic. 
Its proof is an easy application of the
Then {T n } has a dense G δ subset of hypercyclic vectors.
The existence of hypercyclic operators on any separable Fréchet space has been recently proved in [1] (see also [7] ). B. Beauzamy [2, 3, 4] has constructed examples of linear operators on Hilbert spaces having dense, invariant linear manifolds all of whose nonzero elements are hypercyclic. P. S. Bourdon [11] proved in 1993 that any hypercyclic operator on a complex Banach space has a dense, invariant linear manifold consisting, except for zero, entirely of hypercyclic vectors. In fact (see [1] )
this result holds in a more general setting. We state it for future references. 
G. Herzog [17] showed in 1994 that there is a D-hypercyclic function f such that f and f ′ are zero-free. This result has been recently improved by the author [6] , which proves that, if q ∈ N 0 and a nonconstant entire function Φ of subexponential type are given, then the set A = {f ∈ H(C) : f (q) and f (q+1) are zero-free} contains a residual subset of Φ(D)-universal functions. The result is sharp in terms of the growth and the type of Φ.
In this paper we extend Theorem 3 and the result of the latter paragraph about zero-free derivatives to more general domains and sequences of operators and introduce and study a new kind of operators related to antiderivatives. The existence of bounded hypercyclic functions is established for certain domains. We also provide a rather general "eigenvalue test" in order to prove the hypercyclicity of certain kinds of operators and sequences of operators.
DIFFERENTIAL AND ANTIDIFFERENTIAL OPERATORS
In order to generalize in Section 4 Godefroy-Shapiro's result stated in Section Denote 
It is shown in [14] that, if Φ is of exponential type, then the mapping Φ(D) =
Trivially, every linear differential operator with constant coefficients commutes with translations. In [14] it is shown that the operators on H(C N ) commuting with translations behave as "infinite order" differential operators. 
b) L commutes with each of the differentiation operators
If g is a function defined on a subset B ⊂ C N , then ||g|| B will stand for sup{|g(z)| : z ∈ B}. We say that an entire func-
A straightforward computation with power series and the Cauchy inequalities [18, p. 27] shows that Φ is of subexponential type if and only if, given ε > 0, there is a
Note that, if N = 1, then Φ is of subexponential type if and only if Φ is either of growth order less than one or of growth order one and growth type zero. Each entire function of subexponential type is obviously of exponential type.
is an entire function of subexponential type, then the series
defines an operator on H(G).
Proof. If G = C N , the result is a particular case of the above considerations.
So, we may suppose that
The Cauchy formula for derivatives [18, p. 27, Formula
2.2.3] tells that
where
converges uniformly on K and Φ(D) defines a mapping from H(G) into itself. The linearity is trivial and, since ||Φ(D)f ||
We now introduce a (as far as we know) new kind of operators for C N = C, namely, the "infinite order antidifferential operators". They are defined in Theorem 6, after a number of definitions and considerations.
Firstly, assume that G ⊂ C is a simply connected domain and that a is a fixed
where the integral is taken along any rectifiable curve γ ⊂ G joining a to z. It is easy to verify that each D −j is an operator on H(G). We denote D −0 = I = the identity operator. If δ ∈ [0, +∞), then we denote by S(δ) the set of formal complex
Note that even for δ = 0 there may be Ψ ∈ S(δ) with empty convergence disk:
take, e.g., [5] ). In order to understand the geometric meaning of ∆(a, G), 
if and only if G is C or an open disk with center a; in this last case, the common value is the radius of G.
Then we may choose a compact set L and the arcs γ z in such a way that
where B is the constant B = |c 0 | +
The linearity is trivial and, since ||Ψ(
AN EIGENVALUE CRITERION FOR HYPERCYCLICITY
The core of the proof of Theorem 3 (see Section 1) in [14, Section 5] is to provide a good supply of eigenvectors of the corresponding operator. We furnish here a rather general criterion of hypercyclicity of sequences of operators based upon the existence of sufficiently many eigenvectors. Recall that, in a linear topological space, a subset is said to be total whenever its linear span is dense. If T is an operator and e is an eigenvector, then we denote by λ(T, e) its corresponding eigenvalue. 
b) A and B are total in X.
Then there is a dense G δ subset of hypercyclic vectors for {T n }. for T n = T n (n ∈ N), as soon as we realize that λ(T n , e) = (λ(T, e)) n (n ∈ N) whenever e is an eigenvector for T .
2) Let
We now prove part 1). Let us try to apply Theorem 1. Take X = Y = the 
We may assume that λ(T n k , b j ) ̸ = 0 for all k and all j. Define, for every k ∈ N, the vector
Then the term 
Trivially (P) implies (P') and (Q) implies (Q'). For instance, the sequence Φ n (z) = z n (z ∈ C; n ∈ N) satisfies all four properties; the sequence Φ n (z) = n n z n satisfies (Q) but does not (P) (n n z n → ∞ as n → ∞ for every z ∈ C \ {0}); the sequence Φ n (z) = ne nz + z n n 2 satisfies (P) (take A = {z : |z| < 1, Re z < 0} and B = {z :
are entire functions on C N . Assume that Φ is not a constant and denote N ) , resp.) all of whose elements are hypercyclic functions for {L n }. 
a) Suppose that every Φ n is of subexponential (exponential, resp.) type and the sequence {Φ n } satisfies (P). Then there is a dense G δ subset of H(G) (H(C

b) For N = 1 the statement of a) still holds if (P) is changed to (P'). c) Suppose that Φ is of subexponential type and let L = Φ(D). Then there is a dense G δ subset M of H(G) all of whose elements are hypercyclic functions for
L. In addition, M contains all nonzero functions of a dense, L-invariant, linear submanifold of H(G).
d) Suppose that L is an operator on H(C
(n ∈ N). Indeed, it suffices to consider the sequence Φ n (z) of the third example just before the latter theorem. Note that e aD = τ a for every a ∈ C.
In view of the result on growth of Grosse-Erdmann [16] for entire functions (see Section 1), it is natural to ask what is the minimal growth allowed for a Dhypercyclic function on a bounded domain in C. The answer for Runge domains is almost trivial and is provided in Corollary 2. We denote, as usual, by g| S the restriction of a function g to a subset S. 
Proof. The assertion is evident from part d) of Theorem 8 and from the fact
is bounded and the orbit {f
Proof. Just apply Corollary 1 with
a) Suppose that every Φ n is of subexponential (exponential, resp.) type and the
resp.) all of whose elements are hypercyclic functions for {L n }.
b) For N = 1 the statement of a) still holds if (Q) is changed to (Q').
Proof. We can also apply part 1) of Theorem 7. Take 
On the other hand, 
Proof. L and L n (n ∈ N) are well defined operators by Theorem
This implies that c
: n ∈ N} is dense in C.
This proves a). Part b) is an unpleasant consequence of a): indeed, assume that 
From Theorem 6 we have that every L n is an operator on H(G). We apply the mentioned result of Luh [21] to the domain G and the function φ = 0. We obtain that there is a sequence
If the final steps of the proof of Theorem 6 are watched then one sees that there are a compact set L ⊂ G and positive constants σ, M,
converges uniformly to zero on compact sets. Since 
can always be found.
To finish, we establish a result about hypercyclicity of functions with the additional property that certain derivatives do not vanish on the domain. Notice that there is no D-hypercyclic entire function f such that f · f ′ · f ′′ is zero-free, since
{f ∈ H(C) : f · f ′ · f ′′ is zero-free} = {e αz+β : α, β ∈ C, α ̸ = 0} (see [12, p. 433] and [24] ). and an adequate application of Theorem 2.1 of [17] will give the result if one takes
If k ∈ N is fixed, then there is a simply connected subdomain U ⊂ G such that 
